Derivation and validation of a sensitivity formula for knife-edge slit gamma camera:
A theoretical and Monte Carlo simulation study
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ABSTRACT

Introduction: Gamma cameras are proposed for online range verification and treatment monitoring in proton therapy. An
Analytical formula was derived and validated for sensitivity of a slit collimator based on the photon fluence concept.

Methods: Fluence formulation was generalized for photons distribution function and solved for high-energy point sources.

The effect of the collimator slit size and source off-axis position on the sensitivity of the collimator were included in the
formula.

Results: The analytically calculated sensitivities of the slit collimator were in good agreement with Monte Carlo results
according to the Bland-Altman agreement test and Pearson correlation (r =0.998) statistical analysis with p < 0.05 . The mean
relative error between calculated sensitivities with the derived formula and Monte Carlo was up to 0.8%. Moreover, we found
that under certain conditions, the established formula is converted to the Anger equation for the pinhole collimator.

Conclusion: The analytical formula developed in this research can estimate the slit collimator sensitivity with an acceptable
accuracy. The derived closed-form sensitivity formula can be applied in KE collimator design and optimization studies.
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INTRODUCTION

Detection of prompt gamma photons using gamma
cameras is one of the most promising techniques for
online range verification and treatment monitoring in
proton therapy [1-3]. Physical collimators are the main
component of the gamma detection system that play
an essential role in determining the sensitivity and
resolution of the camera. Among them, slit camera has
been proposed for proton range verification and tested
in clinical practices [4, 5]. A slit gamma camera,
consists of a knife-edge slit collimator and a pixelated
detector that makes it useful for high sensitivity 1D
imaging that is desired when the imaging suffers from
low count statistics [2].

The availability of analytical resolution and sensitivity
formulas for a collimator is very important for
collimator design optimization, system simulation,
and also image reconstruction algorithms that use the
collimator  response during forward/backward
projection process for resolution recovery [6-8] . In the
prompt gamma-imaging context, it has been
postulated that on-axis resolution of slit camera can be
calculated using pinhole and slit-slat (SS) collimator
formulas [9, 10] that is in good agreement with Monte
Carlo (MC) results [10]. The overall resolution
formula R for a pinhole and a slit-slat collimator is
well established and is given by
1
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Where w is the pinhole width, h is the source distance
from aperture plane, f is the focal length of collimator
which is defined as distance from aperture to detector
plane, R, is the geometric collimator resolution, and
R; is the intrinsic detector resolution.

In another study, modified pinhole collimator
formulas were suggested to calculate the slit
collimator sensitivity and resolution [11]. In this study,
the method of finding the formula is not presented in
detail. The dependence of the efficiency on the
distance of the source from the collimator varies with
the inverse of the distance, which is inconsistent with
the geometrical efficiency of the pinhole collimator
and further attempts are needed to investigate the
inconsistency. Their proposed formula for the
geometric resolution is as equation 1 that is given by
pinhole resolution formula [12]. In addition, the
suggested collimator sensitivity formula is given by
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Where w,, is the effective slit width of the knife-
edge collimator according to Metzler et al. [13].

Zhang et al. recently developed an analytical formula
describing the collimator-detector response of the slit
camera, but the system resolution and sensitivity were
not considered in their model [14].

To the best of our knowledge, so far no theoretical
basis has been provided for extracting the geometrical
sensitivity of the knife-edge slit collimator. In this
study we propose analytical models for a slit gamma
camera that predicts geometrical sensitivity based on
the geometrical parameters of the collimator and
source position. To do this, we assumed that the
sensitivity of a slit camera can be determined from the
photons fluence function. The off-axis geometrical
sensitivity of the collimator was modeled using the
Accorsi et al. Formula [15]. Moreover, photon
penetration through the collimator slit was considered
based on the models presented by Accorsi et al. [15].
Analytical expression for the on-axis sensitivity of a
slit camera are derived and validated by comparison to
Monte Carlo (MC) simulation. The results were also
compared with previously published data [11, 12, 16,
17].

METHODS
KE collimator reference setup

The schematic diagram of a slit collimator and
pixelated detector variables is shown in Figure 1.
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Fig 1. Geometric description of physical parameters for the KE
collimator and pixelated detector.

The geometric parameters of the detection system,
used in this study, are listed in Table 1. With reference
to Figure 1, the z-axis (perpendicular to the plane) lies
along the centerline of the slit, which has physical
width of w'. The x-axis is also in the plane of the slit,
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which has physical width of w. The source position is
located at (x = —s,,y = 0,z = 0).

Table 1: Summary of the collimator and detector parameters.

Description Parameter
Displacement angle 0
Source position Se
Detector profile axis x
Fluence angle ©
Collimator slit angle a
Source-to-detector distance Tq
Source-to-collimator distance T
Slit width w
Crystal length L
Focal length f

Parameters of the collimator were selected similar to
those of Smeets et al. [10] (Table 2). All calculations
were performed for an isotropic point source with an
energy of 4.4 MeV and a total of 108 emitted particles
for MC simulation [18]. Tungsten linear attenuation
coefficient is u = 0.078mm™? for this energy.

Table 2: Selected parameters for the camera.

Parameter Value

Slit angle 63.4 degree
Slit width 6.0 mm
Source-to-collimator distance 150.0 mm
Crystal length 200.0 mm

Mathematical derivation of photon distribution
function

The fluence of isotropically emitted photons from a
point source of unitary activity, can be calculated
using the following concept [19]:

The fluence of photons = (Effect of the inverse square
of the distance) x (Effect of the non-perpendicular
incidence of the photons on the detector plane)

Tiz X cos(p) 3)

Where r is the source to the detector element distance,
and ¢ is the angle between the line connecting the
source point to point x on the detector plane and
detector normal vector (Figure 1). The general
expression of the photon distribution on the detector
axis was derived from equation 1 followed the
procedures outlined by Formiconi with following
modifications [19]:

1) The aperture function of the collimator-
detector system is initially not considered.

2) The distribution of detected photons is
calculated only in the x-direction.

3) The differential source element was replaced
with a point source.

Consequently, the distribution of detected photons is
thus given by the following formula:

dN _ Lrg
dxdN;

(4)

3
4m((x—s¢)? +r§)§

Where s, is the source displacement and r, is the
detector distance (i.e., the source distance from the
detector front plane).

In equation 4, N _indicates the number of photons
dxdN.

recorded in the differential element per emitted
photon. The collimator response was used to define the
range of the integration interval in the calculation of
the sensitivity such that the width of the collimator
limits the number of active photon receptor crystals in
the detector.

Derivation of the system on-axis sensitivity

Geometrical sensitivity of the collimator, is define as
the fraction of photons emitted by a point source that
passes through the collimator slit. In an attempt to

derive the on-axis (i.e., (sc =0,0 = g) ) sensitivity,
the integral of the equation 4 was calculated as:

xm dN (5)
g= f ( )dde

—x,, \dxdN, ¢

W Lry
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Moreover, to consider the effect of source
displacement on the sensitivity, according to Accorsi
et al., equation 5 was multiplied tosin3(8), where 6 is
the angle formed by the line drawn from a source (in
the XY plane) to the center of the slit and the plane of
the slit (the YZ plane) [15].

http://irjnm.tums.ac.ir

Iran J Nucl Med 2021, Vol 29, No 2 (Serial No 57)

0
®



A theoretical and Monte Carlo simulation study

Malekzadeh et al.

The effect of penetration through the slit material on
the sensitivity was considered by the following
formula [14]:

0.693 (6)

Werp =W+ ————
eff utan(a)

Referring to Figure 1 where w is the physical slit
width, w, s is the effective slit width considering the
penetration , « is the slit angle and u is the collimator
attenuation coefficient factor, which was assumed that
the collimator is made of Tungsten ( u=
0.078mm™for 4.4 MeV).

!
Taking into consideration that ri =2 based on the
d

Tc
trigonometric relation where w' is the slit width along
z axis. We can write the equation 5 as:

_ w'w 1 (7
4mr? (1 . (ZLTC)Z>

For pinhole collimator we have w' = w. In addition,

source-to-collimator distance is much more than slit

width for the most relevant imaging situations that
1

g

S
LAp ! and therefore, (1 + (%) )2 ~ 1.

21r¢ c

Consequently, equation 7 can be simplified to:

w? (8)
T Amr?

g

Equation 8 is the derived formula by Anger for pinhole
collimator [11].

Monte Carlo simulation

Monte Carlo simulations were performed with
GATE/GEANT4 code version 8.2. GATE is an open-
source MC code for simulation of emission
tomography and radiation therapy [20, 21]. This
version of GATE is based on GEANT4 version 10.5.1.
The Opt3 electromagnetic standard package called
emOpt3 was used to simulate the photon interactions.
To score the observables, fluence calculations were
performed using “FluenceActor”. The Qt software was
also used for visualization of the geometry (Figure 2).
The Origin software was used for data analysis. Bland-
Altman agreement test and Pearson correlation
statistical analysis with p < 0.05 were performed. The
analytically derived values of the sensitivity and
resolution for the slit collimator were compared to MC
results, which is well known as the gold standard in
particle transport calculations.

Fig 2. The geometry of the KE collimator with an isotropic point
source.

RESULTS

Figure 3 shows the geometrical sensitivities according
to the source-to-collimator aperture distance. Source-
to-collimator distances are changing from 30 to 270
mm. The calculated sensitivities were within the range
32x1072—-1.1x 1073, To validate the derived
formula, a comparison to previously proposed models
were made. Furthermore, MC simulation results were
also used to verify the derived model. “MC simple”
indicates that the penetration and scattering effect
were not considered in this step. According to our
findings, the sensitivity changes with the source-to-
collimator distance as r.72. Correlation coefficient
was calculated r = 0.998 for derived formula and MC
simulation results. It shows that the results are highly
correlated.
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Fig 3. The variation of the collimator sensitivity versus source to
collimator distance for pinhole, Monte Carlo, published data and the
results of KE collimator.

Output of the Bland-Altman test for extracted results
is reported in Figure 4. 10% limit of acceptance was
selected for agreement test. Mean of differences is -
0.8% and upper as well as lower limits are +9.2% and
-10.8%, respectively.
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Fig 4. Bland-Altman agreement test of the formula and MC results
is shown. The results do not include the penetration and scattering
effect. Mean, upper and lower limits were illustrated in figure. The
Limit of agreement (LOA) was set at 10%.

Sensitivity values against the source-to-collimator
distance with taking into account the penetration effect
were illustrated in Figure 5.
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Fig 5. Sensitivity versus source-to-collimator distance when
penetration effect was considered.

For the reference setup (Table 2), the calculated
sensitivities were within the range 5.6 X 1072 — 2.1 X
1072, which is about two times more than the ideal
case without including the penetration. In addition,
according to Figure 5, there is an obvious discrepancy
between the amount of sensitivity obtained with
Pinhole formula, MC simulation and developed
formula. Correlation coefficient was calculated r =
0.999 for collimator sensitivity derived from
analytical formula and MC simulation results.

Off-axis sensitivities were calculated and compared to
MC results (Figure 6). The source was moved in steps
of 1.0 cm from the on-axis position to a distance of 8.0
cm. It was observed that at far distances from the on-

axis position, the sensitivity decreases due to the effect
of the thickness of the collimator wall (Figure 1 and
2). Correlation coefficient of r =0.984 was
calculated between analytical versus MC results.
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Fig 6. Angular dependency of the off-axis sensitivity.

DISCUSSION

In this study, the analytical formula to estimate the
sensitivity based on the fluence distribution for slit
collimator was derived and validated. We generalized
Formiconi’s formulation and solved it for high-energy
photons emitted from point source [19]. The effect of
penetration and attenuation of photons through the
collimator slit were explicitly considered on
geometrical sensitivity using validated models derived
by Accorsi et al. [15]. Furthermore, the off-axis
sensitivity was taken into account in the formula.

The aim of this study was to develop an analytical
formula for the geometrical sensitivity of slit
collimator. However, photons penetration through the
knife-edge slit was considered, but also scattering
affects the sensitivity. The scattering effect was not
considered in our study. Also, the high background
radiation that mainly originates from neutrons were
not considered in this study. However, ignoring this
case does not affect the geometrical sensitivity of the
collimator.

It was found that, for source-to-collimator distances
above 180 mm, the proposed model by Lopes et al.
overestimates the sensitivity up to 31.0% [11]. The
sensitivity for the pinhole collimator was plotted
against the source-to-collimator distance and is shown
in Figure 3. Using the pinhole sensitivity formula, it is
observed that the sensitivity of the collimator is about
10 times lower compared to the Monte Carlo results.

Our results showed that the calculated sensitivities are
in good agreement with the MC results. We found that
the slit collimator has a distance dependence of -2 for
its on-axis sensitivity. This is consistent with MC
simulation. On the other hand, this finding is
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inconsistent with the developed formula by Lopes et
al. which predicts distance dependence asr. ! [11].
However, according to the obtained formula for KE
camera, for a fixed source-to-detector distance,
derived formula can estimate the 7. 'dependency.
Furthermore, we explained that in certain conditions,
the derived sensitivity can predict the pinhole
collimator sensitivity, which is derived by Anger. So,
in comparison with pinhole collimator, the efficiency
of the knife edge collimator can be written as follows:

g =kw' w/4mh? 9

Here, w' is the transverse width of the collimator and
k is a coefficient that is equal to 1 for the pinhole
collimator. With this postulation, the sensitivity
changes with distance as the inverse square, which
does not agree with the formula developed by Cambria
Lopes et al. [11].

The derived analytical formula indicated that the
sensitivity of the slit collimator varies linearly with the
width of the slit (equation 7). Therefore, the slit width
dependence of sensitivity is consistent with the slit-slat
collimator’s [13] and is inconsistent with the pinhole
collimator’s, where the sensitivity is proportional to
the square of the slit width. Also, our findings is in
agreement with Lopes et al.” results that showed the
linear variation of the sensitivity with the slit width in
slit collimators. A possible explanation for this might
be the one dimensional collimating feature of the slit
collimator. Another study has been conducted to
design the U-SPECT-II imaging system using a multi-
pinhole collimator for ultra-high resolution small
animal imaging. In their study, the geometric
sensitivity was reported at 0.07% and 0.18% for the
collimator with 0.35- and 0.6-mm pinholes,
respectively. This result represents that sensitivity of
the U-SPECT-II is proportional to the square of the
pinhole aperture width [17].

To consider the penetration through the collimator slit,
Lopes et al. [11] used the equation for the pinhole
collimator derived by Metzler et al. [13], whereas we
used the developed formula by Accorsi et al. [15] for
the slit-slat collimators. The current study showed that
the penetration effect is a highly significant
component. By comparing the slit width with and
without considering the penetration effect, for
instance, one finds for 4.4 MeV and tungsten an
effective slit width w,z.= 10.5 mm for a physical slit
width w = 6.0 mm. Furthermore, comparison of our
results with MC simulation confirmed that the
effective slit formulas derived by Accorsi et al. [15]
are valid for high-energy photons.

Different geometries have been designed for pinhole

collimators such as knife-edge and lofthole shape
geometries [16]. They reported the sensitivity

dependency to source-to-collimator distance as an
inverse square that is in agreement with our derived
formula. However, the circular aperture shape leads to
different amounts of sensitivity. Also, penetration
effect did not take into account for lofthole collimator.
In addition, slit collimators are useful for high energy
prompt gamma detection in radiation therapy
applications, whereas lofthole collimator has been
designed for radionuclide imaging purposes in nuclear
medicine.

Accorsi et al. showed that the slit-slat collimator has
sin3(0) sensitivity dependence [15]. Moreover,
Monte Carlo and experimental studies have shown that
the slit-slat collimator has sin®(8@)sensitivity
dependence where a is greater than three. In this study,
we applied this dependency to take into account the
source displacement s, effect on the sensitivity of the
slit collimator. By comparing our results with MC, it
is clear that our findings further support
sin®*(0)sensitivity dependence of the slit collimator.
Further work is required to establish an exact value
fora.

The closed-form sensitivity formula can be applied in
collimator design studies across MC simulations.
Therefore, the importance of our proposed formula
thus lies both in its speed and its relative ease of
application in slit collimator design and optimization
studies.

CONCLUSION

The analytical formula developed in this research can
estimate the slit collimator sensitivity with an
acceptable accuracy. Due to the promising results of
gamma cameras with knife edge collimators, another
type of imaging system may be designed based on this
collimator. To do this, analytical formulas alongside
Monte Carlo methods can be used in the design and
optimization stages. The sensitivity formula also
provides distance dependency that agrees well with the
Monte Carlo simulation results. The formula is useful
for designing new slit cameras based on the slit
collimator geometry. This closed-form expression
may be also incorporated into model-based
reconstruction algorithms in an efficient manner.
Finally, the formula can help to better understand the
consequences of the collimator design choices.
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